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Nonlinear Regression Models with Applications in Insurance
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Abstract: Two possible applications of nonlinear regression models in insurance are discussed. The first part deals with
modelling IBNR reserves when a cubic approximation to the solution locus is used instead of linear or quadratic ones. A
formula is given for construction of improved confidence regions for parameters in such models.Using this approach
IBNR reserves for a data set are computed.In the second part a method is proposed of how to measure the influence of
additive perturbations on nonlinear regression model parameters. An example is given which shows how this method can
be used to preserve privacy of sensitive data in insurance business.
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1. INTRODUCTION

Due to the latest developments in insurance and reinsur-
ance industries nonlinear regression models became more
popular with steadily increasing importance. Let us mention
two up-to date applications: nonlinear credibility estimation
and nonlinear modelling of IBNR reserves (i.e. reserves for
incurred but not reported losses).

De Vylder [1] extended Hachemeister’s linear regression
credibility model to a nonlinear regression model by assum-
ing that observations are an arbitrary function f(3(6)) of the
unknown vector B(0). This model lacks of robustness of
credibility estimators. Pitselis [2] applied robust statistics to
De Vylder’s nonlinear credibility estimation and presented
an application to Hachemeister’s data.

The process of IBNR modelling and estimation has been
studied by actuaries for many years since both RBNS
(reported but not settled) and IBNR reserves are the largest
liabilities of insurance companies. Recall that incurred but
not reported loss or IBNR is the difference between ultimate
loss and reported loss. Thus quantifying the uncertainty in
estimation of IBNR plays the important role in insurance
business. The classical approach makes use of run-off trian-
gles (e.g. the chain-ladder method and its modifications).
There exist also direct methods for computing or modelling
of IBNR, for instance those using copulas and indirect meth-
ods based on estimation of loss development factors. For
instance, Stelltjes [3] presents a model for predicting losses
as a function of exposures, calendar period and development
age. Typically, then a nonlinear regression model is used for
estimating the 95% confidence interval of IBNR loss for an
accident period.However using the quadratic approximation
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of the model function may lead to inaccurate confidence
regions for parameters of the model.

Consider the usual nonlinear regression model

Ya =f(Xa,0 )+ €, a=1,.n @

Y =(y1,...yn)” denotes the vector of observations, the func-
tion (8 )=(f (X 1,8 ),..., f( x,,8 )) has a known form de-
pendent on p unknown parameters 8 = (6y,..6, ), X, are
known vector-valued variables, e, are independent and nor-
mally distributed random errors with zero mean and vari-
ance o

The problem of finding acceptable confidence regions for
6 has been discussed by many authors, see e.g. [4-6]. Cook
and Goldberg [7] showed examples of models for which the
Bates-Watts methodology based on quadratic approxima-
tions did not work. On the other hand Clarke [8] presented a
method of constructing regions with higher precision. How-
ever, his investigations deal with a single parameter 6., not

with the whole vector 8. The aim of our paper is to construct
confidence regions based on cubic approximation which are
more accurate than those currently used.

In what follows pre-and post-, square bracket and ® —
multiplications of a three-dimensional array U., :(U;) or

a four-dimensional array U.. =(U,f,.j) by a matrix E mean

summation over the indexes i, j, a, k, respectively. The
reader is recommended to consult Table 1 for better under-
standing of these operations. Recall that if U., :(U;f),
a=1,...,n, i=1,...,p, j=1,...,q is an nxpxq array, then its
a-th face is pxq matrix (U;f) and its ij-th column

(UI,U,)T is n-vector.
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Table 1. Rules for Multiplication
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U.-nxpxq;E-sxp

EU..-nxsxq

(EU.. )J - N EU;

U.-nxpxq;E-qxs

U..E-nxpxs

(V.E), = Y UE,

U.-nxpxqg;E-sxn

[E] [U,',] -SXpXq

(e1e:]) -3 e

U..-nXrxpxg;E-sxr

E®U..-nxsxpxq

(E®U..), =D EU;
t

Put

2
V= % , V.: = 9 f;‘ and V.." =
26, ),, 36,00, ) .
- 0-0

3 A

(L) where a=1,...n, i, j, k=1,...p and @ is the
96,060,006, ) _

least —squares estimate of 6. Let V =UR be the unique QR-

decomposition of V where R is an upper triangular matrix

and the colums of U form an orthogonal basis for the column

space of V.

Recall that by the Bates-Watts parameter-effects array we
understand the PXPXpP array

A,',=[UT][(R“)TV,:R“] and similarly AL =[U"]

[R‘1 ®((R“)T V..R™ )] is the four dimensional parameter-

effects array (for details see [9]). Bates and Watts have used
A., to compute the maximum parameter-effects curvature

which, together with the maximum intrinsic curvature, give
answer to the question whether the model may be considered
sufficiently linear or not for the set of values of parameters
we are interested in. As mentioned above the quadratic ap-
proximation of the model function does not give satisfactory
results in some cases, so a cubic approximation is needed..

Consider a partition 6=(6(T1),9(T2))T, 6, =(01,...9q)T ,
%)
6 being a nuisance parameter. Let S(B) be the usual sum
of squares for the model (D) and

T
g((9(2))=(g1 (6(2)),...,gq (6(2))) be the value of 6, which
minimizes S(B(l))=S(9(l),6(2)) for given 6,. Put
(00) = ((0)- 00 and (0} = £(e(0)

The approximate confidence region based on the likeli-
hood ratio (the likelihood region for short) is such a set of
values 6, for which

(Y—h(H(z)))T (Y—h(H(z)))—S(é)sczpz, @)

= (6,15

BP)T, where 6)(2) is the parameter of interest,

where p=o and ¢’ =x’(p-q,0) if o is known or

p>=(p-q)s’ and ¢’ =F(p-gq.n-p,6) if o’ is estimated
by 52=S(é)/(n—p).

In the first part the solution of the above-mentioned prob-
lem for parameter vector is given which is then compared to
a result of Clarke [8]. Next we discuss the effect of perturba-
tion of the response vector on the values of parameters in a
nonlinear model. In the final part our results are applied to
the problem of finding acceptable reserves for claims in in-
surance business and the problem of preserving privacy of
stored data.

2. APPROXIMATE CONFIDENCE REGIONS
We assume that

1) £(0) is a continuous function of 6 with finite deriva-
tives up to and including degree 4

aS(0)
a0

the corresponding sum of squares

2) the vector vanishes at one point 6 where S is

3) the Bates-Watts intrinsic curvature as well as
A T T AT
(6) (p) ®¢'Vip ) and e((PT@(qDTV.:..(p)) can be ne-

glected where ¢;0=0—é and ;=Y—f(§).

Following the argument in [9] and using the cubic ap-
proximation of h(e(z)) we rewrite (2) as

mn, +n (s AL, )+

%nl (7 ® (n5 A, ) -5 [2 ][4 ] (0} Asam,) -

1
I[n2 ][ A% |m. IP +o A, P +...sc?p%, ®)
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@
degree 4 and higher in 7.

where n, =R,, (9 —H(Az)) and the neglected terms are of

Put W, = Ab,W; = A’b, where b is a unit vector of RY,
A A" =0, W,and W, are boundary points of the region (3)

and the L-region nln, <c’p’, respectively. Inserting

W, =Ab into (3)
and expressing A as a power series in c¢p we obtain
Theorem 1. Under the above assumptions
2 2

OES (b){l—%F(b)+%B(b)+..} 4)
where b is a unit vector of RY and

r(b)=b"[b"][A%]p.

5 2 1
B(b)= Z(bT [ ][4 ]p) —Z||bTA222b||2+
I[e" )[4z ]e I

o [ )[A]p)

+ b [b" ][ A5 ](67 ALD) -

A (b)=coll Rub|

The expression (4) provides a method for construction of
the likelihood region (2): by substituting different values for
b we obtain the bounds of this region.

If there are no nuisance parameters, we obtain the likeli-
hood region for the whole parameter vector 6 .

Theorem 2.Let d be a unit vector in R°. Then
Ad)= 2" (@){1-(cp/2)T(d)+ (0" 12) B(d)+..} ()

where the neglected terms are of degree 4 and higher in c p
and

A (d)=cp|Rd]

r(d)=d"[d"]|[A.]d

Bl =30 [ [ac)e ol - .
1 .
Lo o(erar ][]

For  every  array U, U,U let us  denote

UT - (UlrU )T ’Ur = (Url""Urp)’ U‘; =

nr

(Ue..us) Uy

(U)..

UL)T, and so on.  Put

G=V'V=(g,). G"=(v'V)" =(g").
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For one-dimensional parameter vector (2) becomes the
likelihood interval with the bound points defined from the
equation

R B _ N2
9p-9p=(gm’p2)”zc 1—[cp/2]r+(cp) B/2 7
where
;=¢c
r=A"

B=—(A2 Y | A7 |2+ A?A —1/3A7 8
=—(An ) HlALIP+ A2 A, -1/3A7 8)

It follows from (7) that there will be one value of 6, for

+c and another for —c (c is always taken positive). Two val-
ues of 6 so determined will not be symmetric with respect

A

to 6

P

Clarke [8] proved the similar expression

0,-6, = (g”ppz)uzC(l—(cp/2)r+(czp_2/2)1P+...) 9)
where

2 w Sy s 1
W=T2+g ((rr )+(r I“s)—gk) (10)

with

k= 1o (67 ®(6" [6" v [v.]6" ) (11)

where I'), means the (p,p) -element of the matrix R.

It is shown in [10] that B=¥ i.e. (7) and (9) are the
same.

3.THE PROBLEM OF PERTURBATIONS

In the second part the problem of additive perturbations
of the observation vector Y is discussed. Suppose modifying
Y by addition of a vector u. Let L(8 ) denote the log-
likelihood corresponding to the postulated model and
L( 6/ u) the log-likelihood corresponding to the perturbed
model, i.e.

L@ /u) = -n/2 In(2r0?) -1/20*| | Y+u-f(@) ||?

St. Laurent and Cook [11, 12] have shown that the so-
called generalized leverage vector and Jacobian leverage
vector can be used to assess the influence of perturbations on
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fitted values in nonlinear regression. Our aim is to give a tool
for assessment of the influence of additive perturbations on
the values of parameters themselves. Then the relationship
among the new measure, leverages introduced by Laurent
and Cook and the intrinsic curvature is explored.

Let 6, denote the least squares estimator of 6 under
L(O/u) Wehave8 =0,"andL( 6)=L(6/0). LetV and
W be the first and second derivatives of f( 8 ) with ele-
ments

Vii=(9 .10 6),. and Wyl =(6"f/ 9 0,00k ),

respectively. For each a=1,..n denote by T, the px px p -
array with elements

(%0 6,900 6)),, . Pute’=Y-f(8").
Consider a perturbation of Y in the form u = ¢ b, where

ccRand | |b||=1.

We define the parameter leverage vector due to a pertur-
bation of the data by c in the direction b as

P(c,b)=(04"-0")/cC
and the Jacobian parameter leverage vector as
P(b)=Ilim P(c,b)
c—0

Finally we define the Jacobian parameter leverage matrix
as

P=(V V-[e W]V

where the square bracket multiplication is as above.

Theorem 3. The parameter leverage vector due to a per-
turbation of the data by c in the direction b is, up to terms of
order c [13],

P(c,b)= AtVDb+1/2 b"(Py+P,+P3 +P4) bc 12)
where

A=V'V-[e” W]

P.=-[ A*][ VATWA'V]

(P2)’ = ([1- VAWV ][ATWAV] ) &
(Py) ' = ([ I- VAV T ATWA™V ]
Ps= [AYVA* (& T) AV ]

Corollary 1. The Jacobian parameter leverage vector
due to a perturbation of the data by c in the direction b is
P(b)=Ph.

In order to get deeper insight into the matrix P we ex-
press it in a standard form. Let the QR decomposition of
V be given by V= UR. Consider now the reparameterization

T=U(f@)-f(87))
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where T is called the normal parameter. It can be shown
that the Jacobian parameter leverage matrix with respect to
the normal parameter is

P=(1-B)'U (13)

where B=[e"[L"WL], L=R*!

The relationship between the Jacobian parameter lever-
age matrix and the intrinsic curvature of Bates and Watts [4]
follows from the fact that

B=[e"N]C]

where N” e* is the rotated residual vector and C is the intrin-
sic curvature array.

The norm | |Pb| | measures the influence of a perturba-
tion of data in the direction b on values of parameters. In the
case of the derived linear model f (8") + V(0 - 87) ,the Jaco-
bian parameter leverage matrix for the normal parameter is
H = U". The matrix P takes into account the normal curva-
tures of the expectation surface at f (8”), while H does not.

For the normal parameter
(P)max= max | [(1-B)"U b || =(1-2,)" (14)
[|b]]=1

where A , is the largest eigenvalue of B. Denoting by b; the
i-th standard basis vector in R",

we have
Pi=|[Pbi|[=][(1-B)"(U )| (15)
where (U”); means the i-th column of U” . Evidently
P?=b U (1-B)2U b; (16)

We recall that the Jacobian leverage matrix introduced by
St.Laurent and Cook [11, 12]isJ=U (1 - B ) U". Its i-th
diagonal element j; measures the rate of change in the fitted
value y;” with respect to the rate of change in y;. It follows
from (16) that if (I - B)™ differs from (I - B)™? , the case
maximazing j;; may be different from that with the largest
Jacobian parameter leverage. If (1- B)™ = (I- B)?, then B= O.
Two special cases in which this occurs are when the model is
intrinsically linear (the elements of L"W L are zeros) and
when the model provides an exact fit to the data (the residual
vector e” is zero).

4. APPLICATIONS

4.1. Application of Approximate Confidence Regions to
IBNR Reserves

Our results will be applied to the case of computing
IBNR reserves by the method described above which is
completely different from chain-ladder methods. The results
obtained show that asymmetric (with respect to the least
squares estimators of parameters) confidence intervals are
more accurate than intervals based on an approximation of
lower order.

The model used by Stelltjes [3] f(x, 0)=aexp(px)+y
exp(w x) , i.e. 4-parameter bi-exponential model is by com-
putation ill-conditioned. More precisely, the practical im-
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plementation in computational software S-plus leads to the
error message "singular gradient matrix" (which is more or
less expectable if one exponential fits data better) and "step
factor reduced below minimum®". In the present paper we do
not publish the original data of [3] since paper is online and
insurance data are considered as privacy data.

If correlations among incremental pure premiums are not
negligible, what is also case of the data given by [3], usage
of the correct model produces different values. For example,
the PROC NLIN based method in [3] gave resulting estima-
tors 3.1994, -0.0754, 29.4446, -0.5480 and 95% confidence
intervals for estimators (2.0596, 4.3392), (-0.0942, -0.0566),
(18.5334, 40.3557) and (-0.6986,-0.3974) of parameters a,
B, v, w, respectively. However, using the correlation, as
addressed in [3], we obtain the estimators 2.36488, -0.07767,
21.61184, -0.566532 and 95% confidence intervals for esti-
mators  (1.2746, 3.4551), (-0.0959, -0.05937), (10.664,
32.5596) and (-0.72473,-0.4083) of parameters a, f, v, @
respectively.

One of the main practical and theoretical problems of the
IBNR confidence intervals implementation is the efficient
estimation of the covariance structure and, consequently,

sums of squares S(é) This problem evidently goes behind

the framework of this contribution and will be addressed in
some future work. For the related topic see designs of ex-
periments literature addressing the covariance estimation, for
recent results in the parametrized covariance see e.g. [3].

Applying the results of the second part of this paper re-
veals the important fact, namely, that we can neglect the ef-
fect of Bin (7). Here we have the following quantities
needed for calculation of confidence intervals by means of

(7):
g =0.1129x10°, g* =0.31x10™, g* =0.1033x 10,
g*=0.1968x107°

Al =0,A7 =0.2134x107, A2, =0.1231x 107, A}, =0.3603x 107,
c=JF(1,36,0.95) =413 .

Using them we obtain

a : upper bound 3.1994 + 0.5807=3.7801 ; lower bound
3.1994 - 0.5807=2.6187

B upper bound -0.0754 +0.013=-0.0624; lower bound -

0.0754 -0.027=-0.0781
y  upper bound 29.4446 +8.85= 38.2946 lower bound

29.4446-13.73= 15.7146
@ upper bound -0.5480 +0.057=-0.4903 lower bound -
0.5480-0.157=-0.7050.

Comparing them to the original results of Stelltjes shows
that our method gives narrower intervals than the classical
approach (the only exception being y). Recall that the

The Open Statistics & Probability Journal, 2010, Volume 2 13

intervals are not symmetric with respect to the least-squres
estimates thus reflecting the nonlinearity of the model.

Admitting for a moment that the hypothesis 8 =0 holds,

we get the famous Mitcherlitz model f(x, 0)=a +y
exp( w x).A thorough analysis of this model can be found in
[7, 8, 14] to illustrate that Bates- Watts method is not always
reliable . It follows that for this model our approach
outperforms the classical one based on quadratic
approximation as it produces confidence regions whose true
coverage is closer to the nominal level than for the classical
ones.

The outlook of the research in this direction brings a pos-
sibility to compute 2-parameter confidence interval, for in-

stance for (a,y)or (y,w). Notice that Stelltjes [3] has com-

puted S(é) as the sum of weighted least squares and not as

reported in (2.3.1), p. 359, it has been a typo. Thus, we are
using the same approach as Stehlik [15] and employ a weight
function that is inversely proportional to the variance of the
data.

Probably, the main objective of the actuarial work is to
construct the confidence interval for IBNR reserves for vari-
ous accident quarters. A classical approach how to construct
approximate confidence intervals is given by Bates and
Watts [4], p. 58. For instance, 95% confidence interval for
total IBNR for data in [3] is (27459851, 32751218) and
(25254267, 40083031) when the parameter variance - co-
variance matrix is used (see [3]). The outlook is to construct
a confidence interval based on cubic approximation of the
model function (1). However, one should take care about the
fact, that traditional nonlinear regression assumes that the
error terms are normal which is a symmetric distribution
with a range of whole real line. Incremental pure premium
data may actually be skewed and can hardly ever be highly
negative, therefore, using the normal distribution is ap-
proximation at best.

4.2. Application of Additive Perturbation Models for
Privacy

Preserving Data Mining in Insurance

In insurance companies, many data sets have to be stored.
A large fraction of them uses randomized data distortion
techniques to mask the data for preserving the privacy of
sensitive data. The additive perturbation attempts to hide the
sensitive data by randomly modifying the data values often
using additive noise. Random matrices have ‘predictable’
structures in the spectral domain and it develops a random
matrix-based ‘Spectral Filtering Technique’ (SPF) to retrieve
original data from the dataset distorted by adding random
values (see [16]). In the present example we consider the
same model as in section 4.1. As mentioned above the PROC
NLIN based method gave estimators 3.1994, -0.0754,
29.4446, -0.5480 of model parameters. Then for x=10 we
have f=1.628027.

Assuming that the error has a Gaussian N(0,1) form we
get an observed value of 3.97282 and additive perturbation
by N(0,0.001) will give us -0.0001432867, while the additive
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perturbation by N(0,0,0]_) will give 3.949242. Thus tuning [7] R. D. Cook, and M. L. Goldberg, “Curvatures for parameter subsets

of the standard deviation can tune the necessary level of pri- ;’ggg””“ear regression”, Annals Statistics, vol. 14, pp. 1399-1418,
vacy of the data. The control O_Ver this pr_OCEdure IS guaran- [8] G. P. Y. Clarke, “Marginal curvatures and their usefulness in the
teed by the theoretical results in the section 3, and may be analysis of nonlinear regression models”, Journal of the American
properly analysed for every insurance model. Statistical Association, vol. 82, pp. 844-850, 1987.
[9] R. Potocky, and T. Van Ban, “Confidence regions in nonlinear
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